In this article, we consider the parameter estimation of regression model with p th order autoregressive (AR(p)) error term. We use the Maximum Lq-likelihood (MLq) estimation method that is proposed by Ferrari and Yang (2010a) , as a robust alternative to the classical maximum likelihood (ML) estimation method to handle the outliers in the data. After exploring the MLq estimators for the parameters of interest, we provide some asymptotic properties of the resulting MLq estimators. We give a simulation study and a real data example to illustrate the performance of the new estimators over the ML estimators and observe that the MLq estimators have superiority over the ML estimators when outliers are present in the data.
Introduction
Incorporating the autoregressive error terms into the linear regression models is a useful way for analyzing the relationships between economic indicators and has also been attracted a good deal interest in both statistical theory and applications. In literature, classical parameter estimation methods are generally used to estimate the parameters of the regression model with autoregressive error terms (AR(p)). For instance, Cochrane and Orcutt (1949) have considered some modification of the ordinary least squares (OLS) estimation method for autoregressive error terms regression model. Beach and Mackinnon (1978) have used maximum likelihood (ML) estimation method to estimate the parameters of AR(1) error term regression model. Alpuim and El-Shaarawi (2008) have estimated the parameters of the regression model with AR(p) error term using the OLS estimation method. They have also used the ML estimation and conditional maximum likelihood (CML) estimation method under the assumption of normality and studied the asymptotic properties of the resulting estimators. Tuac et al. (2017) have considered linear regression model with AR(p) errors with Student's t-distribution as a heavy tailed alternative to the normal distribution and used CML estimation method to obtain the model parameters.
Under normality assumption, CML and OLS estimation methods are commonly used estimation procedures for the regression model with autoregressive error terms. Although they are appropriate choices in estimating the parameters of regression with autoregressive errors, they are highly sensitive to outliers. To handle this problem, we will use the MLq estimation method proposed by Ferrari and Yang (2010a) to estimate the parameters of the AR(p) error term regression model. MLq estimation method have recently proposed and have gained considerable attention in the past decade.
For example, Ferrari and Paterlini (2009) have investigated the behavior of the MLq estimation on both simulated data and on real-world time series for extreme quantile estimation. Ferrari and Paterlini (2010b) have applied the MLq estimation to expected return and volatility estimation of financial asset returns under multivariate normality. Huang, Lin and Ren (2013) have proposed a generalized form of the classical likelihood ratio statistic by using the Lq -likelihood ratio (LqR) statistic based on the MLq estimation for hypothesis testing problem for the shape parameter of the GEV distribution and showed that the asymptotic behavior of proposed statistic characterize by the degree of tuning parameter q. Qin and Priebe (2013) have proposed a new EM algorithm namely an expectation-maximization algorithm with Lq-likelihood (EMLq) which addresses MLq estimation within the EM framework for mixture models. Qin and Priepe (2016) have introduced a robust hypothesis testing procedure: the Lq-likelihood-ratio-type test (LqRT) . By deriving the asymptotic distribution of this test statistic, the authors have demonstrated its robustness both analytically and numerically, and they investigated the properties of both its influence function and its breakdown point.
Also Ozdemir et al. (2019) use the MLq estimation method to estimate the parameters of Marshall-Olkin extended Burr XII distribution and show that MLq estimation method outperform the ML. Recently, Dogru et al. (2018) propose parameter estimation of the multivariate t distribution using the MLq estimation, provide that unlike the ML estimation the degrees of freedom parameters can be estimated along with the other parameters, and still gain the robustness.
In this paper, we consider the conditional maximum Lq-likelihood (CMLq) estimation method for the autoregressive error terms regression models under normality assumption. We obtain the parameter estimation for all the parameters. We give an extensive simulation study to compare the performances of the CML and the CMLq estimation methods. The performance of the two sets of estimators is evaluated for different data structure including outlier cases. The simulation results show that the CMLq estimators can reduce the effects of the outliers if the tuning parameter is less than one. Note that q is a key parameter to maintain the robustness in MLq estimation method. It is considered as a robustness tuning parameter and choosing it very important. In this paper we choose q that minimizes robust AIC. Further we provide the asymptotic distribution of the proposed estimator and use the asymptotic covariance matrix to form the asymptotic confidence intervals for the parameters.
The rest of the paper is organized as follows. In the next section, we briefly describe the regression models with AR(p) error terms and the CML estimation method for the parameters of interest. A brief description of the MLq estimation method is summarized in Section 3. Then we obtain the CMLq estimators for the parameters of the regression models with AR(p) error terms in Section 4. Since the estimators cannot be obtained in explicit form the iteratively reweighted algorithm steps given in Section 5. Section 6 presents the asymptotic normality of the proposed estimators. In Section 7, Monte Carlo simulation study and a real data example are presented to compare the performance of CMLq and the CML estimation methods in terms of RMSE at different data structure scenarios including outliers. Finally, some concluding remarks are given in Section 8.
Regression Models with Autoregressive Error
Consider the linear regression model with the error terms follow a stationary AR(p) process
where, is the response variable, , are explanatory variables, are unknown regression parameters and are unknown autoregressive parameters. The is normally and independently distributed such that
To simplify the notation, we denote = Φ( ) and here, is called the Backshift operator. By doing so, an alternative form of the model (1) is
where
are the AR(p) model parameters for = 1,2, … , .
Since the exact likelihood function could be well approximated by the conditional likelihood function (Ansley, 1979) we will first give the CML estimation method which are used mainly in cases where ML estimates are difficult to compute.
Parameter Estimation of AR(p) Error Terms Regression Model with CML
Under the assumptions associated with equation (3) the conditional log-likelihood function will be as follows (Alpuim and El-Shaarawi, 2008 ).
To obtain the estimating equations, the derivatives of the conditional log-likelihood function with respect to unknown parameters are taken and set to zero. The derivatives of the conditional log-likelihood function are given in Appendix A.
Rearranging the estimating equations, we get the following forms of estimators.
̂= −1 (̂) 0 (̂) 
and Φ ( ) is the backshift operator with the estimates of .
Equations (7) and (9) can be written in vector form as follows
These vector forms are important to implement the IRA algorithm to compute the estimates and will be our updating equations.
Maximum Lq Likelihood Estimation Method
Ferrari and Yang (2010a) introduced the MLq estimation method based on q entropy and defined as follows. Suppose = ( 1 , 2 , … , ) be a random sample from a distribution with probability density function ( ; ) with ∈ Θ. The MLq estimator of is defined as
where ∶ (0, ∞) → ℝ called non-extensive entropy or q-order entropy is defined by Havrda and Charvát, 1967 and Tsallis, 1988) . 
The MLq estimation method can be regarded as a generalization of the ML estimation method. In particular, when is equal to 1, MLq and ML estimation methods are equal. It is also easy to see that when → 1, ( ) → log . In this sense the MLq approaches the ML. Specially, MLq estimator belongs to the class of M-estimators (Hampel, et al. 1986 , Huber et al. 2009 , Maronna et. al. 2006 ), as q is fixed (Ferrari and Paterlini, 2009 ). MLq estimator also minimizes power divergences. The family of power divergences has various special cases for specific values of q (For more details, see Ferrari and Paterlini, 2009 ). For instance, for q = 1/2 the MLq estimator is minimum Hellinger distance estimator.
Classical weighted likelihood approach has been developed to deal with the disadvantages of maximum likelihood approach by modifying the role of observations by means of the weights. The MLq likelihood score functions are the same as the weighted likelihood score functions. That is why the MLq estimation can be seen as weighted likelihood estimators. However, it is important to note that the MLq estimator isn't obtained with the idea of weighting the likelihood function. The difference from most weighted likelihood estimators is that the weights are a function of pdf. The weight function is also based on tuning parameter q. Therefore, choices q is the key for this approach. MLq estimation method give low or high weights depending on q < 1 or q > 1 to the extreme observations, by doing so it reduces the effects of outliers. In particular, all the observations have the same weight when q=1. Taking the q value slightly different makes it possible to obtain better estimates in terms of balance between bias and variance when the sample size is small. MLq estimation method balances two apparently contrasting needs: efficiency and robustness by a proper choice of q. It provides strong robustness at expense of a slightly reduced efficiency in presence of outliers. Specially, the effect of extreme observations is reduced by taking q<1. On the contrary, when q>1, the effect of the observations corresponding to density values close to zero is accentuated (Ferrari and Yang, 2007) . A detailed discussion of the role of the tuning parameter q see Ferrari and Yang (2007) .
Parameter Estimation of AR(p) Error Terms Regression Model with CMLq
Let's ( , ), = 1, 2, … , , be a random sample from model given in (3) 
The elements of ( ; ) and * ( ; , ) are given in Appendix A and Appendix B, respectively.
The CMLq estimators of the parameters are the solutions of (16). From these equations we get the following
We can obtain the following vector forms related the estimators ̂ and ̂2
From equations (17)- (19), CMLq estimators can be viewed as a weighted version of the CML estimators given in (7)- (9). Here the weights are proportional to the (1-q) th power of the normal distribution density. (17)- (19) gives the CML estimates of the parameters. Since the weight function is a decreasing function of (Φ( ) − ∑ =1 Φ( ) , ) 2 / 2 as q<1, the observations with larger residuals receive small weights. When q approaches to zero, the weights get smaller. Thus, the weight function downweights the effect of the outliers on the estimation procedure. The tuning parameter q balances the efficiency and the robustness of the estimator. When q gets closer to one the resulting estimators get closer to the CML estimators. On the other hand, smaller values of q produce estimators that less sensitive to the outliers but not as efficient as CML.
Concerning the explicit forms of the estimators, we observe that the estimators given in (17) - (19) depend on the weights and the weights are also function of the estimators. Therefore, explicit solutions cannot be obtained from this system of equations. It is also clear from equations (17) - (19) that for the fixed value of q, the estimation problem can be solved in terms of a weighting process. In this study, we use the iteratively re-weighted algorithm (IRA) to solve this problem.
Iteratively Reweighted Algorithm to Compute the Estimates
Let ∈ {0,1,2, … } denotes the iteration step.
2 (0) and fix a stopping rule ( ).
(ii) Calculate the following weight function for
stop, else repeat the steps (ii-vi) until the convergence condition is satisfied.
Asymptotic Distribution of CMLq Estimator and Asymptotic Confidence Interval
In this section, the asymptotic covariance matrix of the CMLq estimator of the parameters of the autoregressive error terms regression model under the assumptions given in Section 2 is obtained to construct the asymptotic confidence intervals for the parameters of interest. Ferrari and Yang (2010a) , provide the asymptotic distribution of MLq estimator for the parameters of any exponential family of distributions under some assumptions. We will briefly describe their results. Let * be the value such that 0 ( * ( * ; , )) = 0.
They state that * = where is the true parameter. They call * the surrogate parameter of . As they point out, since the actual target of ̃ given in (13) is * , must converge to one to obtain the asymptotic unbiasedness of ̃. Therefore, under the following conditions they show that Lq-likelihood equation has a solution, it is unique and maximizes the Lq-likelihood function in the parameter space.
A1. > 0 is a monotone sequence such that → 1 as → ∞.
A2. The parameter space Θ is compact and the parameter is an interior point in Θ.
Further, with these assumptions the asymptotic distribution of MLq estimator is
where p is the ( × ) identity matrix and Concerning the autoregressive error terms regression model under the assumptions given in Section 2 let 
The modified score vector is such that * ( , , ) = ( ; ) ( , ) 1− and so By rearranging the function to be integrate, we obtain
where 
Since the parameters which are related to the location in (0) and * are equal to each other, | = * = | = (0) = (0) . Therefore, following equation is provided
Then the equation (24) 
The first and second derivatives, which are required to obtain and , are given in Appendix A and Appendix B.
A necessary and sufficient condition for asymptotic normality of CMLq estimator is → 1 when → ∞.
It is important to note that when q is fixed, CMLq estimator is equal to M-estimator, and so the asymptotic covariance matrix of CMLq estimator will be the same as the asymptotic covariance matrix of the Mestimator (Hampel, et al. 1986 , Huber et al. 2009 , Maronna et. al. 2006 .
Numerical studies
In this section, to examine the performances of the CMLq method over the CML estimation method in the cases both with and without outliers in the data we carry on a simulation study and analyze a real-data. All computations are carried out in R-3.1.2 (R Development Core Team, 2017)
Sampling Design
We generate from model given in ( The simulation study is reported under the following cases.
Case I. In the first part of our simulation study, data without contamination is considered. The results are presented in Table 1 and Table 4 for p=5 and p=10, respectively.
Case II. 10% of observations are replaced by the values generated from N(10,1), which are referred as outliers in y-direction. Table 2 and Table 5 show the simulation results for this scenario for p=5 and p=10, respectively.
Case III. In this case, both x and y variables will include outliers. In the y direction the outliers will be created using procedure described in Case II. In the x direction similar procedure will be used to create the outliers. Table 3 and Table 6 show the simulation results for this case for p=5 and p=10, respectively.
Selection of the tuning parameter q
The performance of the CMLq estimator depends on the tuning parameter that controls the weights.
Therefore, it is important to select q appropriately.
In this paper we will use the robust AIC criterion proposed by Ronchetti (1985) to choose the appropriate tuning constant q. That is, we select the tuning parameter (q) which minimizes the following formula
where 1 is the first derivative and 2 is the second derivative of function with respect to the parameters of interest. All of these derivatives are provided in Appendix A and Appendix B. The search is carried on using on the interval (0,1).
Performance Measures
To evaluate the performances, the bias, the root mean squared error (RMSE), the standard errors ( .
The asymptotic intervals for the CMLq estimates of the parameters of autoregressive error terms regression model are calculated by using the asymptotic covariance matrix given in Section 6.
Figures 1-6 are the boxplots of the model parameter estimates from 100 simulated datasets for the sample size 50 in all three cases.
Simulation Results
In Tables, root mean squared error (MSE) , bias values, standard errors and the confidence intervals of the estimated parameters are given to compare the performance of the estimators. We also give the chosen q values with respect to the minimum RAIC values.
The simulation results for Case I are summarized in Tables 1 for p=5 and in Tables 4 for p=10 . Both Bias and RMSE values indicated that when there is no contamination in the data, the CMLq estimation is close to CML estimation method in every sample sizes. By examining the results came from different tuning parameter q, the best result for CMLq estimation is obtained from q is close to 1 as expected. In Figure 1 , Figure 4 we observe that the variability of the estimates obtained from the CML and CMLq estimation methods are very similar. Also, in those figures, boxplots show that both methods are accurately estimate the regression parameters. Table 2 and Table 5 show the simulation results for Case II for p=5 and p=10, respectively. We observed from these results that the Bias and the RMSE values of the CMLq estimates are drastically better than those of the CML estimates. These results confirm that CML estimators are badly affected from the outliers in y direction.
The best results for CMLq estimator which are summarized in Table 5 are corresponding to the chosen q that makes the RAIC minimum. We observe that when the data contain outliers, the chosen q is not very close to one which makes the corresponding estimators robust against the outliers. Figure 2 and Figure 5 also show that if there are some outliers in the data the CML estimation method fails to correctly estimate the parameters. However, CMLq estimation method is not affected by the outliers in y direction and produces estimates that are very close to true parameter values. These results show that CMLq estimators are resistant to the vertical outliers in the data.
In the case of outliers in x-y direction, Table 3 and Table 6 show that CML estimation has a considerably higher RMSE than CMLq estimation for all the parameters except for the autoregressive model parameters. Figure 3 and Figure 6 can support the same results.
To sum up the simulation results confirm that the CMLq estimation method produces comparable results when there are no outliers in the data and it has definite superiority over the CML when there are outliers in the y and x and y direction. It should be noted that in case of outliers in x direction, the performance of the CMLq estimation method is not very premising. This is due to the fact that the CMLq estimation method is a M estimation method for fixed value of q and it is known that M-estimators are not robust against the outliers in x direction.
Real-data analysis
We consider a data set on the proportion of the number of ten million international phone calls from Belgium in the years 1950 -1973 . Rousseeuw and Leroy (1987 The number of phone calls made from Belgium is the dependent variable (y) and the explanatory variable (x) is the year. We observe from the autocorrelation function and the partial autocorrelation function graphs of the OLS residuals that the residuals show an autocorrelated structure with type AR(1). That is why we consider a regression model with AR(1) error term to model this data set. The summary of the results is reported in Table 7 .
The linear regression model and the error structure are as follows
We also calculated RAIC for the real data example to compare the performance of the CMLq and CML estimation methods. The results are shown in Table 7 . Figure 7 show the scatter plot of the data with the fitted regression lines obtained from CML and CMLq estimates. We observe from this figure that the CMLq estimate provides considerable better fit than the CML estimate. Also, according to results in Table 7 , CMLq estimation method shows better performance in terms of the RAIC and the confidence intervals. We can observe that the length of the confidence intervals obtained from the CMLq are shorter than the length of the confidence intervals obtained from the CML estimators except the parameter .
Discussion
In this paper, we have applied the CMLq estimation method to estimate the parameters of the regression 
